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ABSTRACT: The theory of the dynamical structure factor, g(k,t), of rodlike polymers for the isotropic
scattering was extended to the case of VH-depolarized scattering, where the polarization of the incident
light wave is vertical to the scattering plane and that of the scattered one horizontal. The effects of the
intramolecular interference and translation-rotation coupling of rod diffusion were explicitly taken into
account, the excluded-volume interaction among rods was included using the mean-field approximation,
and other types of rod-rod interactions, such as the entanglement effect and hydrodynamic interaction,
were taken into consideration using the concentration-dependent self-diffusivities. The evaluation of the
VH-depolarized dynamical structure factor, gyy(k,t), and its initial decay rate, I'yy, is quite easy and
straightforward in the entire region of k, ¢, and v, where k is the scattering vector, ¢ the delay time, and »
the number concentration of the rods. Results of numerical computation showed that, contrary to the case
of the isotropic scattering, the excluded-volume interaction causes a decrease in I'yy. The magnitude of
the decrease, being largest in the forward depolarized scattering, depends in general on kL, 9, and »/v*,
where L is the rod length, ¢ the scattering angle, and »* the characteristic concentration above which the
isotropic phase becomes unstable. The theory of the dynamical structure factors g(k,t) and gyy(k,t) will
be useful for studying the excluded-volume interaction among rodlike polymers and the concentration depen-
dence of the self-diffusivities in the strongly entangled state.

1. Introduction

The dynamic light scattering (DLS) technique is a pow-
erful tool for studying the Brownian motion of rodlike
polymers in solutions, where various factors, such as the
anisotropy in the translational diffusion coefficients, the
excluded-volume interaction, rod entanglement, and hydro-
dynamic interaction, must be taken into account. Includ-
ing all of these features, we presented in our previous
paper! (hereafter to be reffered to as 1) a theory of the
dynamical structure factor, g(k,t), of rodlike polymers
in the isotropic phase, where k is the scattering vector
and t the delay time. Though the theory does not include
the polarizability anisotropy of the rod, the dynamical
structure factor obtained is in most cases valid for eval-
uating the polarized DLS spectrum of rigid-rod suspen-
sions, because the polarizability anisotropy of the mole-
cule (Aa = a, ~ ) is usually negligible* compared to
the average molecular polarizability (o« = (o, + 2a,)/3),
where a, and « , are the polarizabilities parallel and per-
pendicuiar to the rod axis, respectively.

The theory showed that the excluded-volume interac-
tion among rods affects the polarized (or, to be more exact,
isotropic) DLS spectrum of rod suspensions in the less
dilute regime: The apparent diffusion coefficient, ' /&2,
is expressed as a weighted sum of diffusion coefficients

T\ /K= *D,W,(kL) + *D | W (kL) + (L*/12)*D,W,(kL)
(1)

where I'y is the initial decay rate of the dynamical struc-
ture factor, g(k,t), *D, and *D | are the apparent diffu-
sion coefficients for the lengthways and sideways trans-
lation of a rod, respectively, *D, is the rotational one,
and L is the rod length. The weighting factors, W;(kL),
for i = “|”, “L”, and “r” are known functions® of kL.
Limiting values of W, for kL — 0 and kL — «~ are W,(0)
=1/3, Wi(e) =0, W, (0) =2/3, W, (=) =1, W(0) =0,
and W, («) = 1. *D, is related to the self-diffusion coef-
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ficient, D;, as
*D; = D,A(kLy) fori="|",“L", and “r” (2)

where A(kL,v) expresses the excluded-volume effect, »
being the number concentration. The asterisk of *D;
denotes that this quantity includes the repulsive ther-
modynamic interaction term A(kL,v).

Equations 1 and 2 tell us the importance of discrimi-
nating D; from *D,, the latter of which we can measure
with the DLS technique, but the former many polymer
physicists are interested in. We know from eq 2 that
two opposing factors, D; and A(kL,v), determine whether
*D, increases with increase of the polymer concentra-
tion, v. The self-diffusivities, D;, of a rod in a good sol-
vent, in general, decrease below the infinite dilution value,
D, o, with increasing » because of the rod entanglement
and hydrodynamic interaction, but the excluded-volume
effect term A(kL,v) is an increasing function of », the
increase of which is largest in the forward scattering. The
relation *D; = D;, of course, holds at infinite dilution,
because A(kL,0) = 1. When kL 51, the increase of A(kL,»)
exceeds the decrease of D, and the measured mutual dif-
fusion coefficient, *D, (=(2*D | + *D,)/3) increases above
Dgyo. For larger kL, however, the increase of A(kL,v)
becomes weaker, and the measured apparent diffusion
coefficient, I',/k? can decrease with the concentration.
Since A(kL,r) and W (kL) are known functions, we are
able to estimate from I', / k2 the self-diffusivities, D,, indi-
vidually.

Though the depolarized DLS technique is less popu-
lar than the polarized one because of the weak intensity
of the depolarized scattered light (Ax « «), the merit of
this technique is that the forward depolarized DLS can
measure the rotational diffusion coefficient of rodlike poly-
mers without any interference from the translational modes
of rod diffusion. Combination of the polarized and depo-
larized DLS techniques would surely be much more desir-
able in studying the concentration dependence of each
self-diffusivity, D;, of the rod. In order to realize this
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combination, however, we have to know how the exclud-
ed-volume interaction affects the depolarized DLS spec-
trum, which, as far as we know, has not been theoreti-
cally discussed so far.

The aim of this paper is to develop a theory of the
VH-depolarized dynamical structure factor, gy (k,t), that
complements g(k,t) previously derived for the isotropic
scattering.! Following Doi et al.’s treatment,* first, we
derive gyy(k,t) in the operator formalism. Second, we
rewrite gyy(k,t) in the matrix representation and give a
practical procedure for computing the depolarized DLS
spectrum of rigid-rod suspensions for arbitrary k, ¢, and
v. Third, the kL dependence of various scattering fac-
tors and profiles of the correlation function are shown.
It will be also shown that, similar to T',/k?, the appar-
ent rotational diffusion coefficient, I'yy/f,(EL,9), is
expressed as a weighted sum of diffusion coefficients, *D,,
where f,(kL,9) is the weighting factor for the rotational
mode. Finally, reanalyzing Zero and Pecora’s data® of
depolarized DLS of poly(y-benzyl L-glutamate) (PBLG)
in the semidilute regime, we shall show their data exactly
support the prediction of the Doi-Edwards theory® that
the rotational self-diffusion coefficient, D,, of a rod is
inversely proportional to the ninth-power of the rod length
in the strongly entangled state.

2. Scattering Geometry

We use a scattering geometry shown in Figure 1, to
which two-coordinate systems are attached: The one is a
laboratory-fixed Cartesian coordinate system (x, y, z) hav-
ing the origin O in the scattering volume, and the other,
a laboratory-fixed polar coordinate system, the origin and
polar axis of which, respectively, coincide with the ori-
gin and -z axis of the Cartesian coordinate system. The
azimuthal angle, ¢, is measured from the x axis. We
assume the incident beam with wave vector k; and polar-
ization unit vector e, propagates from the negative x side
in the x-z plane, and the scattered radiation with wave
vector k, and polarization ey propagates to the positive
x side in the x—z plane. The x axis being assumed to
divide the scattering angle, ¢, into exact halves, the scat-
tering vector, k = k; — k_, is parallel to the polar axis,
i.e., antiparallel to the z axis. The initial polarization e,
is vertical to the scattering plane (the x—z plane), and
the final one ey, horizontal:

0 —sin (5/2)
e, = 1 ey = 0 (3)
0 cos (9/2)

The polymer we shall consider is a rigid rod of length
L and diameter b. We specify the configuration of a rod
by two vectors, r and u, where r is the position vector of
the center of mass and u the unit vector parallel to the
rod axis. The (x, v, z) components of the vector u are’

sin (7w — 6) cos (—¢)
u = | sin (7 — 6) sin (-¢) (4)
cos (r—6)
The polymer is assumed to have a molecule-fixed polar-
izability component a; parallel to the rod axis and « | in

any direction perpendicular to this axis. The molecular
polarizability tensor, a(u) is given by

a(u) = quu + o, (I-uu) (5)

3. Depolarized Dynamical Structure Factor

Let dy(u) be the k-component of the normalized elec-
tric field of the VH-depolarized light scattered from a

VH-Depolarized Dynamical Structure Factor of Rods 1465

Figure 1. Scattering geometry. In this geometry the x-z plane
is the scattering plane. The angle (k,k,) is the scattering angle,
and the scattering vector k = k; - k, is antiparallel to the 2
axis. A polar coordinate system is attached to the Cartesian
coordinate system (x,y,z), the polar axis of which is k, and the
azimuthal angle, ¢, is measured from the x axis.

rod with orientation u

dk(u) = &VH(u) sk(u) (6)

where ayy(u) (=ey-a(u)-ey/Aa) is the normalized pro-
jection of the polarizability tensor, a(u), onto the polar-
ization directions of the incident and scattered light waves
and s, (u) (=f%/%exp(ik-us) ds/L) expresses the intra-
molecular interference.

We express ayy(u) and s, (u) using spherical harmon-
ics Y, (u):

ayy(u) =
i(2m /1) sin 2(Y, - Yo + cos 2¥, . + Vi) | @)
se(W) = 402 s, V() (®
where i

sim = (1321 + l)lfzbt(K)ém,(, for even [

=0 otherwise (9)
biK) = 3 J i) dx 10
K =kL/2 (11)

and j,(x) is the /th-order spherical Bessel function.

Let f(r,u,t) be the average number density of rods in
the configuration (r,u). In the scattering geometry shown
in Figure 1, the depolarized scattered field at the detec-
tor, placed far from the scattering volume, is propor-
tional to?

clt) = Lfdrfdu exp(ik-r) dy(u) f(r,u,t) (12)

We define the depolarized dynamical structure factor®
as

1
gvulk,t) = AT {ci(t) ¢ *(0)) (13)
where V is the system volume and the asterisk of ¢ *
stands for the complex conjugate.

Following Doi et al.’s procedure,* we have from eq 13
an explicit form of gyy(k,t) as

gyn(k,t) = ZI";? [dr f du dy(w exp[-t'0,16, dk*(l;; .
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where O, is the translational-rotational diffusion opera-
tor for a rod, and @, = 6, ®,. Operator ®, expresses the
rod-rod interaction in the mean-field approximation. Oper-
ators ©, and &, are defined by the equations

0,di*(u) = [D)(k-w)* + D, {k? - (k-u)% - D,R?] d,*(w)
(15)

= [ dw[ow-w)+ LW ww) | derw)
(16)

where W (u,u’) is the spatial Fourier transform of the
interaction potential W(r-r’,u,u’) between two rods in
the configurations (r,u) and (r’,u’). Assuming the rigid-
body interaction potential for W(r-r’,u,u’), we have?

Wi (u,u’) = 2bLYuxu’| s,(u) s, (w’) (17
Though d,(u) is real, we intentionally leave the asterisk
of d*(u) in eq 14 for later use. It should be noted that
a simple replacement of d,(u) with s,(u) in eq 14 gives
the dynamical structure factor, g(k,t), for the isotropic
scattering.

4. Matrix Representation of gyy(k,t)

In this section, we rewrite gyy(k,t) using spherical har-
monics Y, (u). The mathematics used here is very sim-
ilar to, but slightly different from, that employed in 1;
the difference solely comes from the fact that expansion
of s, (u) with spherical harmonics uses only Y,p, but that
of dy(u) requires Y,,, having m = £1 and £2

dy(u) = i(4m) 2" [1d,Y,p*(w) - 3,5 Y, o*(w)} sin (8/2) +
=2

even

[, Yp*(u) +d, Y, *(u)l cos(9/2)] (18)

where

dp, = [(21 +1)/6)12 x
1+2
Z (-1)"%b,(K)C(I21;m,~m,0)C(121;000) (19)

v={-2|
even

and C(l,l,l5;m,momy) is the Clebsch—-Gordan or C coeffi-
cient. We define a column vector d, the Imth element
of which is

dyp, = djy, cos (8/2)
= xd,, sin (9/2)  if liseven and m = %2
=0 otherwise {20)

iflisevenand m = 1

We have from operator 6, matrix 8, the (Im,'m’)th
element of which we compute by (Im|@|I'm’) = fdu
Y, *6,Y/m’. We express matrix 6 as®

6 =D, k’E + D,(R + 4°T) (21)

where E is an identity matrix, R a rotational eigenvalue
matrix, T a symmetric tridiagonal matrix that expresses
the anisotropic translation, and u? the coupling constant
between R and T.

(lm[Ell’m’) = 5”16,.",,,/ (22)
(mRIMY) = 10+ 1)838,m (23)
(Im{Tm’y =
1 o2 + 112 1, o],
b + 5[ S| CW2LmOm)CI21000) (24)
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w}=(D,-D))k*D, (25)
Let W be an operator

Wd*(u) = (1/47%LY { du’ Wyluw) d*(w)
Matrix form of operator W is®

W= %ssT -PQP (26)

where s is a column vector, the Imth element of which is
given by eq 9, superscript T of sT stands for the trans-
position, and P and Q are matrices defined as follows.

U + 1]1/2
X
20+ 1

(Im[P|l'm’y = [

1+

Z ~1D)"%2n + 1)b,(K)C('nl;m’0m) C(I'nl;000) (27)

=t
even

=17 -3)NT?
{(m|Q{I'm’) = m[——ﬁ—] Opbmm  forl=24, ..
=0 otherwise (28)
From these, we have matrices ® and Q as
$ = E + nvbL*W (29)
Q=09 (30)

Solving the matrix eigenvalue problem for @, we have
the eigenvector matrix U and eigenvalue matrix A of matrix
Q: QU = UA. Using U and A, we rewrite eq 14 in the
matrix form as

gvr(k,t) = LdTU exp[-At]U'®'d (31)

We express gyy(k,t) using subvector d™ and subma-
trix 2™, the Ith and [/'th elements of which are d,,, and
(Im|Q|l'm), respectively.

gvu(k,t) = F(LA™U exp[-At]U'®'d, 9)  (32)

F(x,8) = 2[{x}"V cos? (8/2) + {x}\? sin? (8/2)] (33)

{..J'™ stands for the operation that extracts the mth sub-
vector or submatrix from vectors and matrices placed
between the two braces, and we made use of the diago-
nality and symmetry®® of matrix 2, (Im|Q|’m’) = 0 unless
m =m/,and (Im|Q|U'm’) = {{,-m|Q|I',/~m’). [Matrix Q is
diagonal in m and symmetrical with respect to £m.] The
numerical factor 2 in the right-hand side of eq 33 comes
from the symmetry of the subvectors and submatrices
with respect to £m.

The main results of this paper are eqs 32 and 33, which
give the depolarized dynamical structure factor in the
matrix representation. Though eq 31 is quite similar to
the one previously derived® for g(k,t), we prefer eqs 32
and 33 to eq 31 because of the complexity of the depo-
larized dynamical structure factor, gyy(k,t). The isotro-
pic dynamical structure factor, g(k,t), is a function of kL
(through vector s) and v (through matrix ®). Since vec-
tor d is a function of two variables, kL and ¢ (cf. eqs 19
and 20), the depolarized dynamical structure factor,
gvu(k,t), is a function of three variables, kL, 9, and ».
Function F(x,0), which describes the ¥ dependence of
gvulk,t), makes it possible for us to concentrate our inter-
est on the kL and » dependence of gyy(k.t).

5. Initial Decay Rate, I'yy

We can easily derive from eqs 32 and 33 an expression
for the initial decay rate, I'yy = —[lim,_4(d/dt)gyy-
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Table I
kL and »/v* Dependence of 1 ~ R ‘™ for m =1 and 2

v/v* =001 v/v* = 0.05

v/v¥ =0.10 v/v* =0.50 v/v* =1.00

kL m=1,xX001 m=2 X001 m=1,x0.10

m=2 X010 m=1, X010

m=2,X010 m=1 m=2 m=1 m=2

2 0.8679 0.9548 0.4340 0.4774
4 0.5788 0.8435 0.2893 0.4217
6 0.3239 0.7149 0.1620 0.3574
8 0.1822 0.6026 0.0911 0.3013
10 0.11863 0.5155 0.0582 0.2577

m)
m (kL)

10'

10 ' '
107 10° 10° kL 102

Figure 2. Double- lo§ar1thm1c plot of the m™ (kL) vs kL rela-
tionships, where m™ (kL) is the strength of the concentration

dependence of R™ = {dTd/dT®7'd)™ [=1 - m™ (kL) (v/»%)).
The numbers in the flgure stand for m values.

(k,t)1/8vu(k,0). The denominator gyu(k,0) is given by
gvu(k,0) = F(Ld"®7'd,s) (34)
As regards the numerator, it is evident that
lim (d/d¢){U exp(-At)U™ = -UAU Y™ = ™

Therefore we have an expression for I'yy without any
detailed information on A and U

Tvy = [D, K+ D, fi(kL,9) + (D, - D K2 fy(kL,9)] X
A(RL,9,v) (35)

where
A(kL,9,») = F(d"d,9)/F(d"®'d,9) (36)
fi(kL,9) = F(A"Rd,9)/F(d"d,9) (37
fo(kL,9) = F(d™Td,9)/F(d"d,») (38)

Since only A(kL,9,v) in eq 35 includes the mean-field
hard-rod interaction potential, W, the A(kL,9,») term
expresses the effect of the excluded-volume interaction
on the initial decay rate, I'yy. Because ® = Eaty =0,
it is evident that A(kL,9,») = 1 in the infinitely dilute
regime.

6. Numerical Methods

We computed gyy(k,t) and T'yy using a 16-bit micro-
computer equipped with an 80286 processor, 80287 math
coprocessor, and 640K bytes of memory. The algorlthm
of our program!! is almost the same as that used in 1,
except we use a recurrence formulal? for the C coeffi-

0.8680 0.9548 0.4340 04774 0.8680 0.9548
0.5786 0.8435 0.2894 0.4218 0.5791 0.8438
0.3240 0.7149 0.1621 0.3576 0.3245 0.7154
0.1822 0.6027 0.0912 0.3014 0.1825 0.6030
0.1163 0.5155 0.0582 0.2578 0.1165 0.5158

cient to compute C(ll,l;mOm) for m = 1, 2 from
C(l,1,04;,000). The time typically required for computing
19 values of gyy(k,t) at kL = 4 was less than 2 min on
our microcomputer running at 8 MHz of clock speed.!®
Using about 470K bytes of memory, we could solve the
eigenvalue problem of the maximum size of 120 X 120
in double precision.

7. Results and Discussion

The depolarized dynamical structure factor, gyy(k,t),
and the initial decay rate, Iyy, are functions of three
variables, kL, ¥, and »/v* having three adjustable param-
eters, D), D |, and D,, where v* (=16/7bL?) is the char-
acteristic concentration above which the isotropic phase
becomes unstable.!* Since we already know that func-
tion F(x,9) describes the ¢ dependence of gyy(k,t) and
I'yy, we shall concentrate for the moment our interest
on the kL and »/»* dependence of various quantities shown
below:

R, ™ =(dTd/dTe 1d)™
eigenvalues A;, of Q
S, ™ = {d"d™ and S™ = 4,2
(rn) {&TTa/aTa}(m)
R™ =|d"Rd/d"d}™

7.1. kL and v/v* Dependence of R, ™. R ™ is a
quantity used for computing the excluded volume effect
term A(EL,9,»). Table I roughly shows the kL and v/v*
dependence of R, for m = 1 and 2, the characteristics
of which are summarlzed as follows.

When the kL value is fixed, the » dependence of R,™
is almost linear:

R™ =1-m™(kL) v/v* (39)

The sign of the concentration dependence is negative,
and its strength is smaller for larger kL values: m“™(0)
=1 for both m = 1 and 2, m“™(4) = 0.5786 and 0.8435
and m"™(8) = 0.1822 and 0.6027 for m = 1 and 2, respec-
tively. Figure 2 shows the kL dependence of m™(kL),
which we computed from the decrease of R,"™ from »/v*
= 0.0 to 0.1.

Except for the negative sign, these characteristics are
quite similar to those of the excluded-volume effect term
A(EL,v) (= sTs/sT®s) for the isotropic scattermg The
negative sign of the » dependence of R, means that
the excluded-volume effect causes a decrease of Fyy in
the depolarized scattering. This is physically reason-
able, because the depolarized DLS sensitively detects the
orientational fluctuation of the rods, the relaxation time
of which would be longer when the nematic interaction
tends to align rods with increasing the rod concentra-
tion. It should be noted that both R ¥ and R_® become
negative for kL = 0 and »/v* > 1. The negative R,™ is,
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Table 11
Normalized Eigenvalues X\,,/\,,, , of Matrix @ for m=1and 2
[=2 =4 [=6 =8 =10
kL m=1 m=2 m=1 m=2 m=1 m=2 m=1 m=2 m=1 m=2
0.2 0.9001 0.9000 0.9875 0.9875 0.9961 0.9961 0.9983 0.9983 0.9991 0.9991
2.0 0.9133 0.9046 0.9892 0.9890 0.9967 0.9966 0.9985 0.9985 0.9992 0.9992
20.0 0.9999 0.9859 0.9998 0.9930 0.9994 0.9942 0.9983 0.9974 0.9993 0.9994
A /A 7.3. kL Dependence of S, and S,"”. The parti-
2n  2mo cle structure factor S, (=d"d) beln%‘ given by S,
1.2 F(d"d,9), the quantltles S,m (={d*d}™) and S (m
(—alm ) are, if we call them, the cosine” (m = 1) or “sine”
10 (m = 2) components of the particle structure factor and
’ Ith scattering factor, respectively.
Figure 4a shows semilogarithmic plots of the S,™ and
0.8- S tm) vs kL relat10nsh1ps for m = 1, and Figure 4b is for
= 2. We can see in these figures the following two
] features.
08 1. AtkL =0,8," = S, =1/30, and S,™ = 0 for !
=4,6, ...
0.4 2. At fixed kL, S,'™ rapidly decreases with increasing
subscript /. At kL = 10, for example, the modes that
appreciably contribute to S, are the ones for [ = 2, 4,
0.2 and 6, and at kL = 20, for [ = 2, 4, ..., 14.
Figure 4c is a double-logarithmic plot of the S, vs
0.0 kL relationship, from which we easily estimate the expo-
107! nent of the kL dependence for kL » 1 as -2 form =1
and -1 for m = 2. The proof for this guess is given in
Appendix B.
}-m /)-am 7.4. kL Dependence of R, and R,"™. Figures 5
and 6 are double-logarithmic %lots of the R m) (= {aTTa/
1.2 dTd}™) and R, ™ (={d"Rd/dTd}"™) vs kL relatlonshlps
form =1and 2
1.0 Table III is a summary of the asymptotic behavior of
various scattering factors for RL — 0 and kL — «, the
analytical forms of which are derived in Appendices A
0.8 and B.
7.5. Apparent Rotational Diffusion Coefficient.
0.6 Using Table III, we reinterpret eq 35 in the following
way. Let us define an apparent rotational diffusion coef-
ficient as I'yy/fi(EL,9), which we express as a weighted
0.4 sum of diffusion coefficients
Tyu/fi(kL,9) = (12/LH*D,W, + (12/L»*D W +
02 *D, W, (40)
where *D; for i = |, L, and r are A(RL,9,v),
°'°1 o 1 60 i 61 102 D A(kL 19 ), and D A(kL,J,v), respectively. ’f‘he welghts

kL

Figure 3. Semilogarithmic plot of the Ay, /Ay, o vs kL rela-
tlonshlps, where )\, is the eigenvalue of matrix @ computed
for various v/v* and A, 4 is for v/v* = 0.0, (a) Form =1. (b)
For m = 2. The numf)ers in the figures stand for »/v* values.

of course, unphysical and corresponds to the fact that
the isotropic phase is unstable at this concentration.

7.2. kL and I Dependence of the Eigenvalues of
Matrix Q. Table II shows normalized eigenvalues
Aim{ Nim 0 for kKL = 0.2, 2, and 20, where A, and A, ¢ are
the Ith eigenvalues of Q™ for v/v* = 0.1 and 0.0, respec-
tively. We can see from Table II that the mean-field
hard-rod interaction potential, W, affects only the low-
est few eigenvalues. Figure 3 shows how the potential
W affects the lowest eigenvalue X, with increasing v/v*
and kL. Even when the rod concentration is high, the
potential affects \,,, little for EL = 20. It is evident from
Figure 3 and Table II that W affects only the spatially
long and temporarily slow modes of fluctuation in the
solution.

W for i = |, L, and r are [(kL)?/12](f,/f,), [(RL)?/
12] [(1-£2)/f.], and 1, respectively. Note that, 1f we con-
sider (12/L2)*D,- fori = | and L as the translational dif-
fusion coefficients expressed in units of 1/s, all the dif-
fusion coefficients in eq 40 are similar in magnitude for
v/v* =0, because (1/2)(12/L%D, , = (12/L*D  , = D,,
for the long rod limit.

Figure 7 shows the relationships of W, vs (k/k,,,)? for
kel = 520, where &, (=47n/)) is the maximum length
of the scattering vector. We can see from Table III and
Figure 7 that

(1) W, is at least 1 order of magnitude smailer than

(2) W, ~ W, ~ O{(kL)% for kL — 0; and

(3) W, ~ Ol(kL) ™ and W, = 1 when kL — = and ¥
~ . Though the first and third features mean (12/
L**D, contributes much less than the others to the appar-
ent rotational diffusion coefficient, I'yy/f;, it does not
necessarily mean that we may always neglect the length-
ways translation of a rod in the depolarized DLS. If Doi
and Edwards’ conjecture® holds for the self-diffusivities

I
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Figure 4. Relatlonshxps of various scattering factors S,™ vs
kL, where §,(™ = {&Tai ™ 8 =d, 2forl=2,4,..16, and
S, m = =S, (m 3 S,"") is the re51dua1 "(a) Semlloganthmlc plot
form = 1. (b) Semllogarlthmlc plot for m = 2. (c) Double-log-
arithmic plot of S, for m = 1 and 2. Numbers and charac-
ters in (a) and (b) stand for subscript ! of S,"™, and numbers
in (c), for m values.
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Figure 5. Double- logarlthml T%lot of the R, vs kL relation-
ships, where R,"™ = 1d™ 1™ The numbers in the fig-
ure stand for m values.
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Figure 6. Double- 1ogar1thm1 _[plot of the B, vs kL relation-
ships, where R ‘™ = {dTR 4}’ The numbers in the fig-
ure stand for m values.

of a rod in the highly entangled state that DI ~D oD,
=~ 0,and D, ~ 8D, ,(vL?) where B is an emplrlcal param-
eter of the order of 10°, the lengthways term (12/
L%*D W, would, on the contrary, dominate I'yy/f,. From
the second and third features, we have the asymptotic
behavior of T'yy/f; in the forward and backward scatter-
ing as follows.

Tyy/fi=*D, forkL—0

= (12/L»*D, +*D, forkL—>=andd — =
(41)
In the limit of large kL and ¥ =~ =, the sideways trans-
lation and rotation of a rod equally contribute to the appar-
ent rotational diffusion coefficient, and the lengthways
translation does not contribute at all. This conclusion
exactly corresponds to the one drawn for the isotropic
scattering,® where ' /k% = *D | + (L2/12)*D, for RL — =.
When kL > 1, only those rods, the axes of which are
perpendicular to the scattering vector, k, contribute to
the scattering intensity, but their lengthways transla-
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Table I11
Asymptotic Forms of 8™, R‘™, R.®, and m"’(kL) for kL =0 and «
St(m) Rt(”') Rr(m) m"")(kL)
kL m=1 m=2 m=1 m=2 m=1 m=2 m=1 m=2
0 as 1/30 1/30 3/7 1/7 6 6 1 1
b 0 0 0 0 0 0 0 0
® a® 1/3 /16 1/5 4/37 1/5 1/12 11.72 £ 0.01° 4.433 £ 0.007°
ba -2 -1 0 -1 2 2 -1.994 + 0.0003° -0.903  001°
%g and b stand for the parameters in an expression a(kL)®. * These values were estimated from results of numerical computation for
kL = 20-40.
w, A
1.07
k.max L= *=

1.0 20 viv
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/ |
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0.00 T y
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(k/k.max)2
Flgure 7. Relatlonshxps of W and W, vs (k/k 2x) s Where
((kL)2/12](Fa/ f2), W, = [BeL)2/12]{(1 - £ and s
is t)fxe max1mum length of the scattermg vector (=47n /A, n being
the refractive index of the solvent and X the wavelength of light):
(a) W,_. (b) W,

tion, being perpendicular to k, cannot contribute to the
intensity fluctuation of the scattered light.

7.6. Excluded-Volume Effect Term A(kL,0,v). Hav-
ing computed S, and m™ (kL) for m = 1 and 2 as func-
tions of kL, we can easily compute A(kL,0,») for various
L values. Figure 8 is an example of the relationships of
A(RL,®,v) vs (k/ky,,)% for kL = 10. It is evident that
A(kL,8,v) decreases with increasing v/v*, and the excluded-
volume effect is most conspicuous in the forward depo-
larized scattering.

(k/kmax) 2

Figure 8. Relationships of A(kL,9,») vs (k/ky,)? for k. L =
10 and various v/v*, where k., = 4wn/A. The numbers in the
figure stand for »/v* values.

max

7.7. Correlation Function Profiles. Our theory, pre-
sented in 1 and the present paper, assumes that D, D,
and D, are concentration-dependent adjustable parame-
ters. Since there is no satisfactory theory for the con-
centration dependence of D;’s, we utilized in 1 an exper-
imental datum of the strength, k,, of the concentration
dependence of the friction coefficient, ¢, to simulate cor-
relation function profiles, g(k,t)/g(k,0), of PBLG of molec-
ular weight 300K. At kL = 4, profiles of g(k,t)/g(k,0)
decayed a little more quickly with the increase of the
polymer concentration and showed no anomaly in the
tail part even at »L® = 350, where a slow tail was observed
experimentally.!®

For comparison, using the same parameter values
adopted in 1, we computed profiles of the depolarized
correlation functions, gyy(k,t)/gvu(k,0). If we compare
the depolarized correlation functions shown in Figure 9
with the polarized ones given in Figure 2 of 1, we can
easily notice that the profiles of the VH-depolarized DLS
spectrum decay more slowly with increasing » and are
markedly concentration dependent. The reason for this
difference is as follows. The self-diffusivities of a rod, in
general, decrease with the increase of the polymer con-
centration, but A(kL,») for the isotropic scattering, being
an increasing function of »/v*, largely cancels (and some-
times overcancels) the decrease of the self-diffusivities.
In the case of the VH-depolarized scattering, however,
the effect of A(kL,3,v), being a decreasing function of v/
v*, augments that of the decreasing self-diffusivities and
makes the concentration dependence of the spectrum more
marked.

7.8. On the Inverse Ninth-Power Dependence of
D, on the Rod Length. In the strongly entangled state,
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gvh(k.t) / gvh(k.0)

12— -

0.0 0.1 0.2 0.3 0.4 0.5

Cc=

b 15
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0.0 0.1 0.2 0.3 0.4 05
t/ms

Figure 9. (a) Profiles of simulated correlation functions gyy-
(k,t)/gyy(k,0) for suspensions of hypothetical rods of the size
of the PBLG used by Russo et al.'® (b) In semilogarithmic form.
Parameter values used are the same as those used in 1: L =
205.5 nm, kL = 4,9 = 7/2, D, o = 1.33 X 1077 em?/s, m(’")(kL)
= (.5786 for m =1 and 0.8435 for m = 2, Dy = 0.791 cm®/g, and
k = 111 cm®/g. Weight concentration ¢ is 0, 5, 10, 15, and 20

émL from bottom to top. (vL3 = 17.4c and »/s* = 2.397 X

¢ with ¢ in milligrams per milliliters.) See details in the
text and 1.

the Doi-Edwards theory predicts the length dependence
of D, as®

_ BkeTIn (L/b) ( M2, ., o
Dr = 671’—770(NA) L*¢ (42)

where 7, is the solvent viscosity, ¢ the weight concentra-
tion, and M the molecular weight. Here the exponent x
is theoretically 9.

Using polarized and depolarized DLS techniques, Zero
and Pecora® measured *Dg and *D, of PBLG in 1,2-
dichloroethane (DCE) in the semidilute regime. Because
the theory they used for analyzing their data is equiva-
lent to a particular case of the present theory for kL — 0
and » — O (cf. Appendix C), their analysis was, in the
light of the present theory, done on the implicit assump-
tion that A(kL,9,») = 1 or *D, = D,. Zero and Pecora,
comparing the slopes of the *D vs c'2 relationships of

20 mg/mi
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PBLG samples having different molecular weights, esti-
mated that x = 7.6 % 0.6. They concluded the observed
x value was reasonably close to 9, but we shall show in
this section that their data in fact give x = 9.1 £ 0.4

The molecular weights of the PBLG they used were
150, 170, and 210 kDa. We estimated from Figure 5 1n
ref 5 the values of *D, for ¢ = 10 and 20 mg/mL (or ¢™2

= 0.01 and 0.0025 mL2/ mg?, respectively) as follows:

Dr 150k = 13.8, Dr 1ok = 1.7, D,210K = 4.8 krad/s at
¢?=10.01 mLz/mg and *D, 1ok = 5.41, *D 170K = 3.73,
and *D, 210 = 3.38 krad/s atc¢™ =0.0025 mLé/rng where
subscripts 150K, 170K, and 210K of *D, stand for the
molecular welght

We estimate D, from the *D_ values as follows.

(1) Since L zox = 102.7, Ly;0x = 1164, and Ly =
143.8 nm, the kL values for these three samples at J
90° (the scattering angle used in Zero and Pecora’s exper-
iments) are kL = 2.71, 3.07, and 3.80, respectively.

(2) Our theory requires »/v*, which is related to ¢ as

v/v* = Lc/4bp (43)
where p (=1.32 g/mL) is the density of PBLG in DCE.
Adopting! b = 1.44 nm, we know from eq 43 the 10 mg/mL
solutions of M = 150K, 170K, and 210K PBLG mole-
cules correspond to »/v* = 0.1351, 0.1531, and 0.1891,
respectively, and the 20 mg/mL solutions to »/»* = 0.2702,
0.3062, and 0.3783, respectively.

(3) From the values of kL, ¥, and v/v*, we have
A(kL,9,») = 0.8846, 0.8742, and 0.8568 for the 10 mg/
mL solutions and A(kL,9,») = 0.7690, 0.7466, and 0.7120
for the 20 mg/mL solutions of M = 150K, 170K, and
210K PBLG molecules, respectively.

(4) Dividing the previous *D, values with these A val-
ues, we have D, as D, = 15.6, 8.81, and 5.60 krad/s for
the 10 mg/mL solutions and D, = 7.04, 5.00, and 4.75
krad/s for the 20 mg/mL solutions of the PBLG.

We compute from these D, values the corrected expo-
nent x as x = 8.69, 9.33, and 9.09, the average of which
is 9.1 £ 0.4. Though the *D, values we estimated from
Figure 5 in ref 5 may not be so precise, it may be well to
say that Zero and Pecora’s data of *D, give D,, which is
inversely proportional to the ninth-power of the rod length.

8. Conclusion

We formulated the VH-depolarized dynamical struc-
ture factor, gyy(k,t), in the matrix representation, which
complements g(k,t) previously derived for the isotropic
scattering. The evaluation of both structure factors being
quite easy and straightforward, we are now able to com-
pute such quantities as the static structure factor, initial
decay rate, and profile of the dynamic light scattering
spectrum in the entire range of k, ¢, and » for both polar-
ized and depolarized scatterings.

The quantity A(kL,d,v) expresses the excluded-
volume effect in the depolarized scattering as A(kL,v)
does in the isotropic scattering. The effect of the con-
centration increase on A(kL,v) and A(kL,J,v) is most con-
spicuous in the forward scattering, but the sign is oppo-
site; the former increases but the latter decreases with v.
The mean-field hard-rod interaction among rods in both
cases affects only the spatially long and temporarily slow
modes of fluctuation in the solution. While the exclud-
ed-volume effect causes an increase in the initial decay
rate, ['y, of the isotropic scattering, it causes a decrease
in I'yy of the depolarized scattering. The self-diffusivi-
ties of a rod, in general, decrease with the concentration
because of the rod entanglement and hydrodynamic inter-
action, but A(kL,v) for the isotropic scattering largely can-
cels the decrease and thus makes the polarized DLS spec-
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Table IV
Various Scattering Factors as Functions of kL®
St(m) Rt(m) Rr(m) m(’"’(kL)

kL m=1 m=2 m=1 m=2 m=1 m=2 m=1 m=2

0.0 3.3333¢2 3.3333¢2 428571 1.4286CY 6.0000 6.0000 1.0000 1.0000

1.0 3.2165 3.2941 4.2401 1.4060 6.0013 6.0007 9.6499CY 9,8825¢1

2.0 2.8909 3.1814 4.1005 1.3402 6.0223 6.0105 8.6795 9.5478

3.0 2.4234 3.0094 3.8590 1.2363 6.1202 6.0526 7.3010 9.0438

4.0 1.9019 2.7979 3.5067 1.1035 6.4132 6.1630 5.7863 8.4350

5.0 1.4094 2.5684 3.0436 9.5432C2 7.1125 6.3864 4.3812 7.7861

6.0 1.0036 2.3400 2.5044 8.0371 8.5394 6.7676 3.2395 7.1490

7. 7.0776¢3 2.1266 1.9947 6.6607 1.1032¢%+V 7.3421 2.4012 6.5571

8.0 5.1426 1.9362 1.6869 5.5199 1.4626 8.1270 1.8220 6.0266

9.0 3.9694 1.7711 1.6902 4.6559 1.8763 9.1199 1.4299 5.5607
10.0 3.2549 1.6299 1.9029 4.0425 2.2722 1.0305¢+V 1.1632 5.1549
11.0 2.7613 1.5090 2.1065 3.6112 2.6408 1.1667 9.73212 4.8015
12.0 2.3577 1.4045 2.1668 3.2873 3.0354 1.3195 8.2630 4.4920
13.0 2.0030 1.3132 2.0889 3.0167 3.5142 1.4887 7.0604 4.2189
14.0 1.7024 1.2326 1.9642 2.7747 4.0945 1.6748 6.0712 3.9762
15.0 1.4656 1.1609 1.8958 2.5577 4.7388 1.8780 5.2714 3.7591
16.0 1.2877 1.0970 1.9247 2.3699 5.3858 2.0985 4.6323 3.5639
17.0 1.1508 1.0396 2.0063 2.2122 6.0108 2.3359 4.1173 3.3878
18.0 1.0355 9.8791C% 2.0646 2.0794 6.6486 2.5900 3.6875 3.2280
19.0 9.30894 9.4108 2.0594 1.9636 7.3569 2.8606 3.3154 3.0826
20.0 8.3560 8.9844 2.0072 1.8584 8.1638 3.1480 2.9893 2.9495
21.0 7.5284 8.5943 1.9581 1.7611 9.0446 3.4521 2.7063 2.8273
22.0 6.8444 8.2363 1.9518 1.6720 9.9423 3.7731 2.2641 2.7148
23.0 6.2835 7.9067 1.9864 1.5921 1.0822¢+2 4.1109 2.2572 2.6108
24.0 5.8010 7.6024 2.0265 1.5210 1.1703 4.4653 2.0774 2.5145
25.0 5.3588 7.3206 2.0382 1.4571 1.2641 4.8364 1.9170 2.4250
26.0 4.9445 7.0589 2.0162 1.3981 1.3673 5.2241 1.7719 2.3416
27.0 4.5663 6.8150 1.9836 1.3428 1.4789 5.6286 1.6412 2.2637
28.0 4.2359 6.5873 1.9692 1.2910 1.5937 6.0498 1.5249 2.1909
29.0 3.9533 6.3743 1.9829 1.2430 1.7071 6.4878 1.4221 2.1225
30.0 3.7060 6.1746 2.0093 1.1990 1.8198 6.9424 1.3305 2.0583
31.0 3.4787 5.9870 2.0244 1.1585 1.9368 7.4136 1.2473 1.9978
32.0 3.2630 5.8104 2.0168 1.1208 2.0625 7.9016 1.1706 1.9408
33.0 3.0605 5.6439 1.9957 1.0851 2.1974 8.4062 1.1000 1.8869
34.0 2.8770 5.4866 1.9806 1.0513 2.3368 8.9275 1.0356 1.8360
35.0 2.7151 5.3379 1.9839 1.0194 2.4758 9.4655 9.7726¢% 1.7877
36.0 2.5714 5.1969 2.0007 9.8950¢% 2.6134 1.0020¢+2 9.2437 1.7419
37.0 2.4390 5.0632 2.0151 9.6162 2.7538 1.0592 8.7575 1.6984
38.0 2.3129 4.9363 2.0149 9.3538 2.9020 1.1180 8.3046 1.6569
39.0 2.1926 4.8155 2.0018 9.1044 3.0598 1.1784 7.8811 1.6175
40.0 2.0807 4.7004 1.9884 8.8659 3.2236 1.2406 7.4879 1.5799

% Numbers in parentheses stand for the powers of 10; for example, 3.3333% means 3.3333 X 1072 They are omitted except when their

value changes.

trum much less sensitive to the polymer concentration
than the depolarized one.

The apparent rotational diffusion coefficient, I'yy/
f1(kL,9), is expressed as a weighted sum of the diffusion
coefficients *D, for i = ||, 1, and r. Though the weight
W, for the lengthways translation is always at least 1
order of magnitude smaller than W, there is a possibil-
ity that the lengthways term (12/L%*D,W, can domi-
nate T'yy/f, if Doi-Edwards’ conjecture that D, ~ D, ,,
D, ~0,D, ~ 8D, ,(vL? 2 holds in the highly entangled
state.

Reanalyzing Zero and Pecora’s data® of the depolar-
ized DLS of PBLG in the semidilute regime, we esti-
mated D, from the observed *D, values. The estimated
D, was inversely proportional to the ninth-power of the
rod length, which is just the power law predicted by the
Doi-Edwards theory.

The dynamical structure factors, g(k,t) and gyy(k,t),
derived in 1 and the present paper would be useful for
studying the excluded-volume effect among rodlike poly-
mers and concentration dependence of the self-diffusiv-

ities in the strongly entangled state.

Acknowledgment. Ithank Professors Satoru Fujime
and Masao Doi, who read the manuscript and gave use-
ful comments.

Appendix

A. Scattering Factors for kL «< 1. We shall derive
in this section analytical forms of scattering factors
{dTd}™ {dTTd} {dTRA}"™, and {dT®'d}"™ for kKL « 1.

Since the /th order spherical Bessel function j,(x) is

approximated by j,(x) =~ x'/(2l + 1)!! for x « 1, we have
from eq 10

Kl
b(K) > —m——«—
{K) (+ 1)@+ D!
where K = kL/2. When K « 1, all b,(K), except for | =

0, are negligibly small. Substituting this fact into eq 19
and using the formula®® for C(220;m,-m,0), we easily have
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an expression for vector element d,,,
& = (-1)7/(30)1/?
= O(K")

for m =1 and 2.
Column vector d™ having only one nonzero compo-
nent d,, for K = 0, it is evident that we only need
(2m|Ty2m), (2m|R|2m), and (2m|®"!|2m) to compute scat-
tering factors {d"Td}", {dTRd}™, and {d"®"'d)™. Using
eq 24 and a formula for the C coefficient C(222;m0m),
we easily have (2m|T|2m) = (11 - 2m?) /7. It is almost
self-evident that (2m|R|2m) = 6. In order to compute
(2m|®7'|2m), we have to know the form of matrix W for
K « 1. From eq 26 to eq 28, we know that matrix W™
is diagonal for K — 0, the {th diagonal element of which
is (Im|W)im) = -(Im|Q|im). Matrix ® (=E + =vbL?W)
is diagonal and so also is its inverse. We thus have the

{th diagonal element of {®"™} ! as

1
1~ mbL*(Im|Q|Im)

From these considerations, we have the scattering fac-
tors for kL «< 1 as

fori=2

otherwise (A.1)

(Im|®7im) = form =1and 2

(dTd}™ =1/30 (A.2)
(dTTdI™ = (11 - 2m?) /(7)(30) (A.3)
{dTRA}™ = 6/30 (A4)

[dT® 1™ = 1/{30(1 - v/v*)} (A.5)

where v* = 16/7vbL>

B. Scattering Factors for kL » 1. Thoygh we can
easily guess from Figures 2 and 4-6 the exponent of the
kL de(pendence of the scattering factors {dTd}™,
([dTTd}{™, {dTRA}™, and {dT$'d}™ for kL > 1, we shall
derive in this section asymptotic forms for the first three
of these scattering factors. (We have not yet succeeded
in doing so for the last.) These scattering factors writ-
ten in the matrix representation being not suitable for
our purpose, we start from analytical expressions for these
quantities.

Since it is clear from eq 18 that dy(u) = i(4m)Y/2
Lim@im Yim*(u), we know the depolarized particle struc-
ture factor, d7d, is expressed as d*d = (1/47)fdu
dy*(u) di(u). Substituting eqs 6 and 8 and an explicit
form of &yy(u) into dy(u), we can easily carry out the
integration with respect to ¢

2 ¢

1 J .
yo f du d,*(u) dy(u) = I, cos® 3+ Lysin® 5 (B.1)
2
I, = ﬁ dx (1 - %) sin? x (B.2)
=_L (¥ )
Iss = ﬁf_xdx (1 - E) jo(x) (B3)

where K = kL/2. Using a formula’” for fdx j,(x)? we
have

[Si(2K) + %{(2}{2 +1) sin 2K + 2K(2K? -

(B.4)

=1
Ie=Teg
1) cos 2K}] (B.5)

where Si(x) is the sine integral defined by Si(x) = {dt
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sin t/t. Since d7d = 2({d"d}¥’ cos® (9/2) + {&Ta_l[(z’ sin®
(9/2)), it is evident that {dTd}¥ = I../2 and {d"d}® =
I '“‘*1[ 9. We thus know the asymptotic forms of {dd}’ and

{dTd}® for kL » 1 as
lim {@TQ)0 = LkL)? (B.6)
kL= 3
; TH = T -1
Jim @7 = T (kL) (B.7)

Since matrix T comes from the term (D, - D _L)(k-u)2
in eq 15, we compute {dTTd}"™ from (1/4x)fdu dy *(u)
cos? 6 dy (u).

1 0 .o U
o f du d*(u) cos? 8 dy(u) = T,, cos® 3 + T, sin’ =

2
(B.8)
T, =-L (%4 (1—"—2 2 §in? (B.9)
T x e x*sin® x .
1 K x2)? .
To=——] dx (1——) sin? x (B.10)
16K3Y K K?

Similarly to I, and I, we compute T,, and T,,, from
which we obtain {dTTd}"™ for m = 1 and 2. Retaining
only the leading term in K, we have the asymptotic forms
of {dTTd}V and {dTTd}® for kL > 1 as follows:

Jim {d"rd} = (1/15) (kL) (B.11)

klg_r{l {d"Td}@ = (1/12)(kL) (B.12)

Since the origin of matrix R is the term D, %? in eq 15,
we compute {d"Rd}"™ from (1/47) [du d,*(u) B2 d,(u),
the computation of which is tedius but straightforward.
Asymptotic forms of {dTRd}” and {dTRA}® thus obtained
are

Jim {d"RA}Y = 1/15 (B.13)
Jim {d"TRA}? = (x/192)kL (B.14)
Using eqs B.6, B.7, B.11, and B.12, we have
aTT& 1)
Jim Ta =1/5 (B.15)
arral®
. = -1
kl}}_rglw —aT& (4/37)(kL) (B.186)
Similarly
&TRa [¢}] )
kllf_r& A = (1/5)(kL) (B.17)
&TR& 2)
U Lol S 2
lel_rg M (1/12)(kL) (B.18)

C. Relationships with Zero and Pecora’s Theory.
Zero and Pecora presented a theory of the depolarized
dynamic light scattering of rodlike polymers.> We shall
show in this section that, except for a constant numeri-
cal factor, their polarizability time autocorrelation func-
tion, Iyy®(k,t), is equivalent to our gyy(k,t) for kL «< 1
and v/v* < 1.

The polarizability time autocorrelation function,
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I,4*(k,t), in the present notation, is defined as
Iiyy"(kot) =
(N)(a)? f du, [ du, dvg*(uy) G,(kt) ayyluy) (C.1)

where (NN) is the average number of molecules in the
scattering volume and u, and wu, are, respectively, the
orientation unit vector of a rod at times 0 and ¢t. G,(k,t)
is the spatial Fourier transform of the joint probability
function G,(r,u,,t;0,u,,0) for the rod to be at position r
= ( with orientation u = u, at time t = 0 and at position
r = r with orientation u = u, at time ¢.

Expanding G,(k,t) in spherical harmonics Y, *(u,), we
have

1
G,(k,t) = 4—ZC,m(k,t) Y, *(u,) (C.2)
T im
Let ¢(t) be a column vector, the Imth element of which
is €. (k,t). Since G,(k,t) obeys the diffusion equation,
aGg/ot = -6, G,, we have a kinetic equation for vector
c(t) as

ac(t) /ot = ~O¢(t) (C.3)

where matrix 6 is given by eq 21. (If we write eq C.3 in
the component representation, we can easily find out that
eq C.3 is equivalent to eq IIL.2 in ref 5.) Using the diag-
onality of matrix @ with respect to m, Zero and Pecora
separated eq C.3 for each m, truncated the size of sub-
matrix 0™ to 2 X 2, and analytically solved the kinetic
equation for subvector ¢™. Our method, on the other
hand, at first solves the matrix eigenvalue problem 6U
=UA, computes the solution vector as e(t) = U-exp(-At)-
Ule(0), and writes the Green function G (k,t) as

1
G,(k,t) = Z-ZZY,,"*(W) (mIL@W'm') Yy (ug) (C.4)
Tim I'm
where matrix L(¢) (=U exp(-At)U™) describes the time
evolution of the system, and we used the initial condi-
tion that ¢(0) = ¥, Y, .(ug).
Substituting eqs 7 and C.4 into eq C.1 and integrating
with respect to u, and u,, we have'®

b o o lBa)?
Iyy®k,t) = (N) 0 X
[tenLien + (2, -1Leie -1 cosz-'z’-+
(22L(0)122) + (2, 2L ()2, ~2)] sin? 2 | =
(N)(A)22"L(t)z (C.5)
where z is a column vector, the Imth element of which is
= }?_ 1 = =
2y = GO cos 5 ifi=2andm = +1
=i—1——sin2 ifl=2and m = £2
(30)2 2
=0 otherwise (C.6)

Using eqgs A.1 and 20, we know that vector z is nothing
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but vector d for kL « 1. Since ® = E for » = 0, we have
from eqs C.5 and 31 the relationship between Zero and
Pecora’s Iyy*(k,t) and our gyy(k,t) as

(V) (20

Loy'(kt) = —F— lim gyu(kyt) (C.7)
=0

D. Scattering Factors as Functions of kL. For
the purpose of practical use, we present here Table IV
that lists S,, R,"™, R.™, and m"™ (kL) for m = 1 and
2 for kL = 0-40. Using Table IV, we can compute the
initial decay rate, I'yy, for 0 < RL <40 and 0 < v/v* <
1. (As for I'y, use Table I of ref 3 and Table II of ref 1.)

Supplementary Material Available: A source program,
written in Microsoft FORTRAN V.4.1, that computes gyg(k,t)
at delay times of 0 s and 1 us to 0.5 s in steps of 1, 2, and 5, test
input data, and results of computation (98 pages). Ordering
information is given on any current masthead page. See also
ref 13.
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